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Abstract— Linear and non-linear controllable systems are
commonly found in many engineering problems and are
examples of models that involve complex high-dimensional
spatially-related data sets. Such systems range in size and
complexity from small-scale systems of a few state variables
to large-scale systems comprising many state variables that
evolve in complex ways. Particular evolution trajectoriesand
regionalized evolutionary behavior of such complex systems
are often non-intuitive and may reflect bifurcations in the
system. A state space discretization approach leading to a
novel structure termed Orthogonal Organized Finite State
Machines (OOFSM) is proposed as a modeling technique
to support visualizations of the properties of these types of
complex systems.

Linear and non-linear controllable systems are
commonly found in many engineering problems [1].
Such systems range in size and complexity from
small-scale systems of a few state variables to
large-scale systems comprising many state variables
that evolve in complex ways. Particular evolution
trajectories and regionalized evolutionary behavior
of such complex systems are often non-intuitive and
may reflect bifurcations in the system. For large-
scale systems in particular, the state space exists in
high dimensional spaces and many of the transitions
are expected to be intra-dimensional. Understanding
the operation and behavior of the system together
with the details about specific evolution trajectories
and how such relates with other trajectories or with
the system as a whole may provide insight into the
underlying dynamics of the system as it evolves
towards desired or undesired behavior. In addition,
this may also facilitate decision making by policy
makers who are involved in control operations.

An orthogonal organized finite state machine
(OOFSM) is proposed in this paper as a discrete
state space abstraction of the evolutionary behavior

of dynamic systems. A lattice partitioning applied to
the state space discretizes the state space. A discrete
vector field that abstracts the intersection of trajec-
tories with the boundaries of the discretized state
space provides for the abstraction of the evolution-
ary behavior. This paper formalizes the OOFSM as
a finite state machine abstraction of the discretized
state space with the discrete vector field abstraction.

The rest of this paper is organized as follows.
The discretization approach and the OOFSM are de-
scribed in Section I. Applications of this abstraction
are presented in Section II. Conclusions are given
in Section III.

I. DYNAMIC SYSTEM DISCRETIZATION

Finite state machines (FSMs) as models for dy-
namic systems have previously been considered in
the literature. There is a lot of literature concerning
FSM modeling of Discrete Event Systems (DES),
see for example [2]; also, hybrid systems. In [3], an
FSM models discrete event systems so as to take
into account the issue of partial observability. The
work presented here however is based on discretiz-
ing a continuous system. A more general treatment
of finite state modeling of continuous systems is
described in [4]. The approach taken in this paper is
to derive a spatially organized finite state machine.
In the literature, the term “Orthogonal finite-State
Machine (OFSM)” [5] is introduced in 2002. The
model presented here is similar, but derived specifi-
cally from an analysis of complex dynamic systems
and therefore is intended to wholly represent and
support the modeling of these systems, including,
the visualization of properties of these systems. The
term ”organized finite state machine” also appears
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Fig. 1. Illustration of state space definitions,n = 2, o = 16 and
uniform unit partitionL.

in the literature [6], however, this usage tends to
refer to hierarchically organized structures.

It is assumed that a state space is readily avail-
able and given by a set of state variables:X =
{x1, x2, . . . , xn}, xi ∈ R, hence,X is continuous in
R

n; n is also called the dimension of the system.
A lattice partitioningL applied to the state space
leads to a set of discretized statesL : X → Y where
Y = {y0, y1, . . . , yo−1} for some finiteo such thatyj

is bounded by a convex polytope (hypercube) inR
n.

At the most coarse partitioning,L defines a single
discretized state|Y | = 1. In general,L defines a set
of partition boundariesP = {pij |1 ≤ i ≤ n, 0 ≤
j ≤ o − 1} with pij ∈ R

n−1 = (bl, bu)ij , bu > bl.
Eachpij is aligned normal with the corresponding
ith state variable;ι(b) denotes this value. These
definitions are illustrated in Figure 1. In the figure,
X = {x1, x2}, n = 2, L is uniform unit and, as
shown, o = 16. Each discrete state in the figure
has the two pairs of boundariesp1 and p2; more
specifically, for statey(0,3), the pair(bl1(0,3)

, bu1(0,3)
)

is normal to x1 and the pair(bl2(0,3)
, bu2(0,3)

) is
normal tox2. And, ι(bl2(0,0)

) = 0. For convenience,
elements ofY may be interchangeably expressed in
terms of the dimension of the system.

The following simple procedure to accomplish
the mappingΓ : X → Y is proposed. First, let
us recall the property of convex polytopes that all
points on the locus of a line segment defined by two
internal points are also internal. For everyxi ∈ X

determiney(...,bli
,...) | ι(bli) ≤ xi < ι(bui

). For
example,Γ(0.2, 3.7) in reference to Figure 1, then
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Fig. 2. Example: possible set of evolution paths, note the direction
vectors at the boundaries.

for i = 1, 0 ≤ 0.2 < 1 and for i = 2, 3 ≤ 3.7 < 4,
therefore,y(0,3) is identified. More importantly, all
xi bounded bypi is associated with discrete state
y(bl1

,bl2
,...,bln), that is, this procedure identifies states

based on the lower bound values of the partition
boundaries of the state variables.

An evolution of the dynamic system traces a path
through the continuous state space. For any two
selected points on this path, sayw1 andw2 such that
w2 occurs afterw1 in time, let the direction vector
v1 = (v11 , v12, . . . , v1n

), v1i
∈ {−1, 0, 1} denote the

direction of the evolution fromw1 to w2 tangent at
w1 in terms of the basis vectors. For example, let
w1 = (0.2, 3.7) andw2 = (1.2, 2.7) in reference to
Figure 1, then,v1 = (1,−1) andv2 = (−1, 1).

Given a boundary partitionpij and two points
w1, w2 that define the path−−−→w1, w2, then thediscrete
direction vectoris vw1 = (. . . , ai, . . .) where

ai =











0 if neither bli nor bui
intersectsw1, w2;

1 if bui
intersectsw1, w2;

−1 if bli intersectsw1, w2;

In general, multiple trajectories describe the evo-
lution behavior of a system. Given a set of discrete
direction vectors{vjk

| k ≥ 1} in stateyj, then
the discrete direction vector fieldvj = (. . . , ai, . . .)
whereai =

⋃

k vjki
.

The example shown in Figure 2 clarifies the
discrete direction vector field. Let six pointsw1a

,
w1b

, w1c
, w2, w3 and w4 define three pathse1 =

w1a
, w2, e2 = w1b

, w3 and e3 = w1c
, w4 such that

all w1’s lie very close to each other and are in
y1, w2 and w3 are in y2,3 and w4 is in y4. Then,
ve1 = ve2 = (1, 0) but ve3 = (−1, 0) (meaning
the direction vectors at thew1’s along the indicated
path). Here,y1 could evolve either toy2,3 or y4, and,
vy1 = ({1,−1}, {0}) indicates that the state may
evolve either in the positive or negativex1 direction
from y1, but not evolve in thex2 direction.



The discrete direction vector field is derived from
an input set of multiple trajectories. It is assumed in
this paper that a sufficiently large set of trajectories
is available so as to generate as complete a direction
vector field as possible.

Two other useful abstractions are theregion field
and the uniform region field. A region field is
defined as the set of all component discrete direction
vector fields in a defined region:V R = {vj | j ∈ R}
for regionR; V Y denotes some general region field.
A uniform region field is a region field whose
components are identical:vi

=
· vj for vi, vj ∈ V R

and =
· denotes lexicographic equality.

The previous discussions establish a structured or-
thogonal grid where each grid cell has cell transition
attributes. This structure is termed anOrthogonal
Organized Finite State Machine (OOFSM)and is
the primary abstraction proposed in this paper for
the modeling of dynamic systems.

There are many finite state machine (FSM) mod-
els in the literature. The NFA as presented in [7]
is selected:N = (S, Σ, T, so, F ) where S is the set
of states,Σ is the set of input symbols,T is the
transition function over state-symbol pairs,so is the
starting state andF is the set of terminal states.

Definition 1: The Orthogonal Organized Finite
State Machineis defined byM = (Y,L, V Y ).

Lemma 1:The Orthogonal Organized Finite
State Machine is an NFA.

For the proof of this lemma, letS = Y , determine
Σ based onL, show thatV Y is equivalent toT ,
determine the language accepted byM and lastly
define the starting state and terminal states. Recall,
by definitions ofX andP , L defines the boundaries
of each state in terms of specific values given byι.
Let these values define the inputs to the NFA, that
is, the NFA is input-driven. Figure 3 illustrates the
correspondence ofS andY using the typical circle
and edge notation from the finite state machine
literature superimposed onM .

Let Σ = {0,±i | 1 ≤ i ≤ n} so that each of
the possible2n egress transitions given byL can
be labeled.

Given v = (. . . , ai, . . .), by definition,
a ∈ {{−1}, {0}, {1}, {−1, 0}, {−1, 1}, {0, 1},
{−1, 0, 1}}. Equivalently, drawn fromΣ, let the

string s label the transitions as follows.

s =















































0 if ai = {0}

i if ai = {1}

−i if ai = {−1}

0 ∨ i if ai = {0, 1}

−i ∨ i if ai = {−1, 1}

−i ∨ 0 if ai = {−1, 0}

−i ∨ 0 ∨ i if ai = {−1, 0, 1}

Let a discrete pathp = (yk, yk+1, yk+2, . . .) with
associatedvk, vk+1, . . ., then the string labeling
corresponding top is sp = sk||sk+1|| . . . where
the || denotes string catenation. For example,
in reference to Figure 1, if the discrete path
is (y0,0, y1,0, y1,1, y1,1, y1,0) and the following dis-
crete direction vector fields are definedvy0,0 =
({−1, 1}, {−1, 1}), vy1,0 = ({0}, {−1, 1}), vy1,1 =
({−1, 0, 1}, {−1}) then s = 1202̄ where the over-
bar notation as in̄2 refers to a negated symbol, -2
in this case.

Essentially,V Y , which restricts the set of all
possible strings in some region, defines the language
accepted by the NFA:L = {s ← V Y }, that is, the
language is the set of all strings over the alphabetΣ
drawn from all sequences of the directional vector
fields within some regionR.

Finally, F is defined by any state that has a
corresponding nullv (all the entries are{0}) and
s0 is given by the initial conditions of the dynamic
system as the set of boundary values.

The following completes the discussion about the
equivalence ofV Y andT (for brevity the complete
formulization is not given). Given some language
over Σ, an initial states0 and any valid strings
in the language, theith element of the string may
be one of the possible2n + 1 symbols deriving a
corresponding element of somev. The collection of
the ith element from multiple strings derivev and
the collection of all possible strings derivesV Y .

The language accepted byM is determined with-
out consideration of either history or prediction. It
is akin to saying that any given state has a set
of possible transitions out of that state. However,
a trajectory provides a history of states that are
transited. Given the construction ofM above, the
language accepted byM given a sequence of one
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Fig. 3. Illustration of Lemma 1.

or more trajectories is a subset of the language
accepted byM .

In general, either a theoretical control model or, if
the system is observable, a set of observations about
the state variables may determine the OOFSM. For
example, as before, letn = 2 and uniform unit
partition L, let the observable initial conditions of
some dynamic system be[u1, u2]

T = [0.5, 1, 5]T

which definess0 = y0,1 by formally, ι(bl1(0,1)
) ≤

u1 ≤ ι(bu1(0,1)
) and ι(bl2(0,1)

) ≤ u2 ≤ ι(bu2(0,1)
).

A list of some useful properties ofM is extracted
from the previous discussion and identified here to
provide a succinct description of the OOFSM.

Property 1: Structure: There is a defined struc-
ture including: dimension, lattice partitioning, and
extrinsic values mapped to each axis.

Property 2: Vector fields: The following partial
and complete versions are defined: the discrete
direction vector tangent at any point, the discrete
direction vector field at any state, the region field at
any region, the uniform region field at any region.

Property 3: Path: the labeled and unlabled dis-
crete path of a system’s evolution.

Property 4: Behavior: States and regions are in-
dicative of the system’s operational characteris-
tics, including: start states, terminal states, and
intermediate states in which the path (Property 3)
may exhibit further operational characteristics such
as oscillatory, resonance, bifurcation and inter-
dimensional transition frequency (how often the
path changes direction).

Property 5: Indexing: The dimension (Prop-
erty 1) allows individual states, regions and sub-

spaces (Property 6) to be identified and accessed.
Property 6: Subspace: The partial indexing

(Property 5) defines a subspace that contains
information pertinent to a subset of the system
states.

Property 7: Observation: Observable events can
bijectively be represented respectively inferred.

Property 8: Metrics: Various metrics as per the
domain and user interests may be defined. Some
possible metrics are: cyclic/acyclic discrete trajec-
tory paths, discrete path lengths, number of intra-
dimension transitions, number of inter-dimension
transitions (before the next intra-dimension transi-
tion), and distance functions.

Property 9: Prediction: The behavior (Proper-
ties 4 and 2) together with a path or partially known
path (Property 3) provide for the prediction or par-
tial prediction of future/past operational character-
istics (Property 4) and evolution (Property 3); when
combined with observation (Property 7), prediction
of future/past observable events is also possible.

II. A PPLICATIONS

This section considers the application of the
OOFSM abstraction to dynamic systems. First, a
simple pendulum is discussed. Next, a variation of
the equation set is considered.

A. Pendulum

The simple pendulum is commonly described in
many textbooks. The presentation here is based
on [8], [9]. In particular, Figure 4 shows the phase
space representation of theta vs. omega for the small
angle approximation with simplified physical prop-
erties and initial conditions. Following from [8], this
figure graphically presents the solutionθ = ai cos t

and ω = ai sin t for ai representing closed fixed
energy trajectories.

A simulation based on the earlier developed
model with 0.05 ≤ a < 1.5 in increments of 0.05
and with0.1 ≤ t < 30 in increments of 0.1 provides
the four uniform region fieldsV 1 = {({−1}, {1})},
V 2 = {({−1}, {−1})}, V 3 = {({1}, {−1})}
and V 4 = {({1}, {1})} corresponding to the four
quadrantsx1, x2, −x1, x2, −x1,−x2, and x1,−x2

respectively; this is graphically shown in Figure 5.
The trajectorypa=1.25 corresponding witha =

1.25 is selected since its discrete trajectory, shown
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Fig. 4. A simple pendulum’s omega vs. theta state space for
simplified conditions.

 Pendulum: Theta vs. Omega:  
Dimension: 2 Region:

1: -1.5, 1.0
2: -1.5, 1.0

Fig. 5. Uniform region fields corresponding to the simple simplified
pendulum.

in Figure 6, includes a number of interesting details
useful in describing aspects related to intended visu-
alization applications. The OOFSM structure, vector
fields and trajectory behaviors are shown in the fig-
ures. The corresponding discrete path starts ats0 =
y2,0 and issp = 21̄21̄1̄1̄2̄1̄2̄2̄2̄12̄1112122. This path
crosses four region boundaries and parts of the path
exists in the four behavior regions. Let us assume
that the only observable state variable is the angular
displacement; observability is therefore reflected
in the x1 axis only. The components ofsp that
are observable aresp = φ1̄φ1̄1̄1̄φ1̄φφφ1φ111φ1φφ

where φ refers to non-observability. It is evident
from this representation that the system exhibits an
even oscillatory cycle consisting of five translations
first in the negative direction and then in the position
direction. The OOFSM by its structure provides
for indexing. The finite state oscillation starts at
s0 = y2,0 and transitions throughyi,j where i is
ordered (i.e.sp) and constrained by−3 ≤ i ≤ 2
and j ranges as constrained by the system. Also
evident from this representation is the fact that the
trajectory crossesx1 = 0 exactly twice, once in
each direction, per oscillation. Combining this with
the region behavioral properties, these transitions
occur once from eitherV 1, V 4 to eitherV 2, V 3 and
once vice-versa. Also from the established regions
of behavior, there would be one transition fromV 4

to V 1 and one fromV 2 to V 3.
Following from Lemma 1, The language accepted

by this finite state machine isL = (1̄ + 2)∗, = (1̄ +
2̄)∗, = (1 + 2̄)∗, = (1 + 2)∗, depending upon which
uniform region field, respectively, the current state
resides in.

B. Variation

A variation of the previous case is considered
here. This case still considers a two dimensional
system and following from the derivation pre-
viously, the governing equations area cos(t) +
sin(0.5t)+0.5 anda sin(t). The discrete simulation
here varied0.4 ≤ a ≤ 0.7 in increments of0.1 and
t as before.

Figure 7 shows the region fields determined
by this simulation. This figure includes a textual
markup to more conveniently identify the uniform
region fields. Here, the spatial distribution of the



 Pendulum: Theta vs. Omega:  
Dimension: 2 Region:

1: -1.5, 1.0
2: -1.5, 1.0

Fig. 6. Discrete direction vector field corresponding toa = 1.25 of
the simple simplified pendulum.

uniform region fields is more complex than in the
previous case.

The trajectory shown in Figure 8 is generated
with a = 0.7. Figure 9 shows the discrete direction
vector fields generated by the simulation for this tra-
jectory. The corresponding finite state representation
is s0 = y1,0 andsp = 1̄21̄1̄1̄2̄1̄2̄12̄11121221̄2̄2̄2̄122.

III. CONCLUSION

The main contribution of this paper is the pro-
posed Orthogonal Organized Finite State Machine
(OOFSM) together with its derivation to model the
state space transitions induced by complex dynamic
systems, linear and non-linear controllable systems.
These types of systems are commonly found in
many engineering problems. Although state space
representations and discrete state space representa-
tions are commonly described, the OOFSM rep-
resentation presented here appears to be novel.
The OOFSM provides unique properties including
indexing and language description that may enable

Fig. 7. Region fields fora cos(t) + sin(0.5t) + 0.5, a sin(t) for
0.4 ≤ a ≤ 0.7, region fields are also identified by l–left, r–right,
u–up and d–down

Fig. 8. Trajectory ofa cos(t)+sin(0.5t)+0.5, a sin(t) with a = 0.7.



 A Trajectory Variation:  
Dimension: 2 Region:

1: -1.5, 1.0
2: -1.5, 1.0

Fig. 9. Discrete direction vector field witha = 0.7 corresponding
Figure 8.

further analysis of these types of systems. Its gener-
ality allows it to be widely applicable to small-scale
and large-scale complex systems incorporating hun-
dreds of state variables. Two simplified examples
as applications of the OOFSM are also presented.
These serve to illustrate the applicability of the
OOFSM model and some of its properties.

Although the OOFSM model is derived from
considering dynamic systems, its application is not
limited to these types of systems. The model may
be applied to other domains as well. The intent of
this work is to define a broadly useful data abstrac-
tion that will support the visualization of diverse
application domains, in particular, the visualization
of complex dynamic systems.
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